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ABSTRACT

Quantum-search-inspired processes can be represented as iterative transformations in which a computational state is
successively modified toward a limiting state. To provide a mathematical framework for analyzing such processes under
abstract uncertainty, this paper develops a common fixed-point approach for two generalized search operators defined on a
complete fuzzy metric space. A generalized Wardowski-type F -contractive condition is formulated in which the fuzzy nearness
between the images of the two operators is controlled by the original-state nearness together with operator-de-pendent fuzzy
displacements. The elements of the fuzzy metric space are interpreted as abstract computational states, while the two self-map-
pings represent successive search and refinement transformations. The complete search-refinement step is described by the
composite transformation T = Q, 0 Qi. The proposed framework does not claim a direct physical simulation of a quantum
device or a specific quantum noise channel; rather, fuzzy nearness is employed as an abstract representation of uncertainty in an
iterative computational process. A numerical example with multiple initial states is presented to illustrate the con-vergence
behaviour of the proposed fixed-point framework. The results demonstrate how common fixed-point theory in complete fuzzy
metric spaces can be used to study convergence of generalized search-refinement processes under abstract uncertainty.

Keywords: Quantum search algorithms, Fuzzy metric spaces, Wardowski F-contractions, Quantum computing, Convergence
Analysis, Stability Analysis, Quantum Optimization, Common Fixed Point.

where Q; represents a search transformation and Q>
represents a subsequent refinement or state-update

1. INTRODUCTION transformation. Introducing the composite operator

Quantum computing has emerged as an important area of
computational research by exploiting quantum-mechanical
principles such as superposition, entanglement, and
interference [1]. These principles provide computational
mechanisms that differ fundamentally from those of classical
computing [2]. Among quantum algorithms, quantum search
procedures are particularly important because they provide

T=Q,0Q: (2)
The complete search-refinement step can be written as

Xnt+1 = T(Xn) (3)

efficient approaches for locating desired states in large search
spaces [3]. Grover's algorithm is a well-known example that
provides a quadratic query-complexity improvement for
unstructured search under the standard oracle model [4]. The
iterative structure of search procedures also motivates
mathematical investigations of state evolution, convergence,
and stability [5].

An iterative search-refinement process can be represented
abstractly as a sequence of transformations applied
successively to a computational state [6]. If the state at
iteration n is denoted by x,, a general two-stage process can
be represented as

Xn+1 = QZ(QI(Xn)) (1)

This representation provides a natural mathematical setting
for studying the limiting behavior of repeated search-
refinement transformations by means of fixed point theory.

Banach's contraction principle forms one of its fundamental
results and has subsequently been extended through
numerous generalized contractive conditions [7] [8]. Among
these developments, Wardowski-type F-contractions provide
a general framework in which the conventional linear
contraction requirement is replaced by a condition involving
an auxiliary function $F$. Common fixed point theory further
extends this framework to pairs or families of interacting
mappings and is therefore relevant to iterative processes
involving multiple successive transformations [9].

Fuzzy metric spaces provide a mathematical framework for
describing degrees of nearness rather than relying exclusively
on exact distance values [10]. In an iterative computational
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setting, fuzzy nearness can be used to describe the gradual
similarity between an evolving state and a limiting state [11].
This motivates the investigation of fixed-point properties of
generalized search-refinement transformations in complete
fuzzy metric spaces [12].

The present study addresses the specific mathematical
problem of formulating a two-stage search-refinement
process within a fuzzy fixed-point framework [13] [14]. In
particular, a fixed-point result formulated only for a single
transformation does not explicitly represent the successive
action of two operators when one complete iteration is
described by their composition [15]. The present work
therefore considers a pair of generalized quantum-search-
inspired operators and explicitly represents their complete
action through the composite transformation

T=Q00Q 4)

The objective of this study is to establish a common fixed-
point result for two continuous self-mappings

Q.Q2>X 4)

on a complete fuzzy metric space (X, M, *). The mappings
are interpreted as successive transformations of an abstract
computational state, while their complete action is
represented by

T=Q0Q (6)

Under a generalized Wardowski-type F-contractive condition,
sufficient conditions are established for the existence and
uniqueness of the common fixed point associated with the
proposed operator pair and for the convergence of the
corresponding iterative process [16]. The resulting iteration is
then illustrated using a numerical density-operator model in
which the selected transformations generate an explicitly
convergent sequence [17].

The contribution of the present work is the formulation and
analysis of a two-stage quantum-search-inspired operator
framework within a complete fuzzy metric setting [18].
Rather than claiming a physical implementation of a quantum
search algorithm, the study provides an abstract mathematical
representation in which successive search and refinement
transformations are analyzed through common fixed-point
theory [19]. The numerical construction further illustrates the
connection between the theoretical fixed-point result, the
generated state sequence, and the corresponding fuzzy
similarity [20].

The principal contributions of the present study are
summarized as follows

1. A two-stage generalized quantum-search operator
framework is formulated on a complete fuzzy metric
space, with one complete search-refinement step
represented by the composite transformation
T=Q0Q (6)

2. A generalized Wardowski-type F-contractive condition
is formulated for the proposed operator pair, providing

sufficient conditions for the convergence analysis of the
associated composite transformation.
3. The theoretical result is connected explicitly with the
iterative search-refinement process through
Xnr1 = Q2(Q1(xn)) @)
4. A numerical density-operator model is constructed to
illustrate the theoretical framework. In particular, the

selected  operators  generate  the  composite
transformation
T(p )= 0.3p+0.7p" ®)

5. which produces geometric convergence toward the
limiting state p".

6. The convergence behavior is interpreted in terms of the
fuzzy metric, illustrating how increasing fuzzy
similarity can characterize the approach of the iterated
computational state toward its fixed point.

2. PRELIMINARIES

In this section, we recall the basic concepts of fuzzy metric
spaces, convergence, completeness, and Wardowski-type F-
functions that are required for the subsequent analysis.
Throughout the paper, (X, M, *) denotes a fuzzy metric space
in the sense of George and Veeramani, where X is a non-
empty set, M is the fuzzy metric, and * is a continuous
triangular norm.

Definition 2.1.

Let (X, M, *) be a fuzzy metric space and let Q;, Q2: X>X
be self-mappings. A point x* € X is called a common fixed
point of Q; and Q2 if Q1x" = Qux" =x".

For the iterative process considered in this paper, one
complete search-refinement step is represented by the
composite mapping

T=Q,0Q.. (7
Thus, for an initial state xo € X, the associated sequence is
generated by Xn+1 = T(Xn) = Q2(Qi(xs)), n=0, 1,2, ....

A fixed point of the composite transformation satisfies

T(x") = x", that is, Q2(Qi(x")) = x" 8)
This composite fixed-point formulation is the one used in the
subsequent convergence analysis and numerical application.

Remark 2.2.

The distinction between a common fixed point of Q; and Q.
and a fixed point of the composite transformation T = Q, o
Qi is important. In general,

QQix)) =x" )
does not by itself imply
Qi(x) = Q) =x’ (10)

Accordingly, the main iterative analysis in this paper is
formulated in terms of the fixed point of the composite
search-refinement transformation T.
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3. GENERALIZED QUANTUM SEARCH
OPERATORS

The convergence of iterative quantum search algorithms is
governed by the repeated application of quantum operators
that transform an initial quantum state into a desired target
state [21]. Motivated by this observation, we introduce a
generalized mathematical model for quantum search
processes in complete fuzzy metric spaces. The proposed
framework does not depend on a particular quantum search
algorithm, such as Grover's algorithm, but instead considers a
broad class of iterative quantum search operators whose
convergence can be investigated through common fixed-
point theory.

Let (X, M, *) be a complete fuzzy metric space. The
elements of X represent generalized quantum states, while
the mappings defined on X describe successive quantum
search transformations.

Definition 3.1.
(Generalized Quantum Search Operator Pair).

Let (X, M, *) be a complete fuzzy metric space and let
Q1, Q2: X — X be two self-mappings. The pair (Q1, Q) is
called a generalized quantum search operator pair if Q; and
Q2 represent two successive transformations of an abstract
computational state, where Q; denotes a search
transformation and Q. denotes a refinement or stabilization
transformation [22].

The iterative process associated with the pair is defined by
Xne1 = Q2(Qi(Xn)), N =0, 1, 2, ....... , for an initial state
Xo€e X.

A point X" e X is called a stable common state of the operator
pair if Q1(x") = Qx(x") =x"

The existence and uniqueness of such a stable common state
are not assumed in this definition and will be established
under suitable contractive conditions [23].

In the present work, X is regarded as an abstract state or
parameter space used to represent the evolving states of a
generalized search process. Thus, the elements of X are not
assumed to be physical state vectors or density operators
unless an additional embedding into a quantum state space is
specified. Similarly, Q: and Q- are treated as abstract self-
mappings representing successive search and refinement
transformations [24]. This abstraction allows the convergence
properties of the process to be studied using fuzzy metric and
fixed-point theory without imposing a particular physical
implementation [25].

Definition 3.2[Fuzzy Distance]

Let (X, M, *) be a fuzzy metric space. For x, y € X and
t > 0, define the fuzzy distance deficit by

di(x,y) =1 - M(x, v, t).

Then

0<dx,y)<l,anddix,y) =0 < x=yV.
Moreover,

M(xn, X, t) =1 ifand only if di(Xn, X) — 0.

Thus, di(x, y) provides a convenient distance-like measure of
the failure of fuzzy nearness between two points.

4. MAIN THEOREM

Let (X, M, *) be a complete fuzzy metric space. In this
section, we establish a common fixed-point result for the
generalized quantum search operator pair (Q1, Q). To
maintain consistency between the mathematical analysis and
the iterative search process, we consider the composite
transformation T = Q, o Q;. The composite transformation
represents one complete search-refinement step.

The two-operator fuzzy F-contractive condition introduced in
Definition 3.2 describes the interaction between the search
and refinement mappings. For the convergence proof, we
additionally require the composite transformation T to satisfy
a Wardowski-type F-contractive condition. This additional
assumption provides a direct contraction mechanism for the
actual iterative process and avoids inferring the Cauchy
property solely from the monotonicity of successive fuzzy-
nearness values.

Theorem 4.1. [Common Fixed-Point Theorem]

Let (X, M, *) be a complete fuzzy metric space, and let
Q1, Q2:X—X be continuous self-mappings. Define the
composite transformation

T= Qz 0 Ql-
For x,ye Xand t> 0, let di(x, y) = 1- M(X, y, t).
Suppose that there exist a Wardowski F-function

F:(0,1]—R and a constant t > 0 such that
T+ F (d(TX,Ty)) < F(di(X, y)) - (4.1)
forall x,ye X, x#Yy, and t> 0 for which di(x, y) > 0.

Assume further that the fixed-point sets of the composite
transformation and the two-operator pair satisfy
Fix(T) = Fix(Q1) N Fix(Q2). ---------- 4.2)

For an arbitrary initial point Xo € X, define
Xne1 = T(Xn) = Q2(Qa(xn)), n=0,1,2,.....-- (4.3)

Assume that the sequence x» generated by (4.3) satisfies the
standard fuzzy Cauchy criterion.

Applying the contractive condition (4.1) to x = x,and
Y = X1 giVes

T + F(di(Xn+1, Xn) < F(de(Xn, Xn-1).
Therefore,

F(dt(Xn+1, Xn) < F(dt(Xn, Xn-l)"[.
By induction,

F(di(Xn+1, Xn) < F(di(X1, Xo0) - NT. ----- (4.4
Since t >0,

F(dt(Xn+1, Xn) — -00asn—

By the defining property of the Wardowski F - function,
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limF()=-00
r—0"

and hence
di(Xn+1, Xn) — O.
Since
de(x, y) = 1 - M(x, v, t), we obtain
M(Xn+1, Xn, t) — 1,25 N — 0O ---- (4.5)

By assumption, the Picard sequence {x.} satisfies the
standard fuzzy Cauchy criterion. Hence, for every ¢ € (0, 1)
and t > 0, there exists N € N such that

M(Xm, Xn, t) >1-¢, forallm,n>N.
Thus {X} is a Cauchy sequence in (X, M, *).

Since (X, M, *) is complete, there exists x” € X such that
Xn— X (4.6)
Because Q: and Q; are continuous, the composite mapping
T = Q0 Qy is continuous. Therefore,
Xn+1= T(Xn) — T(X).
On the other hand, since x,— X", the shifted sequence
{Xxn+1} also converges to x”. By uniqueness of the fuzzy
Metric limit,
T(X) =x" (4.7)

Thus,
X" e Fix(T).

By assumption (4.2),
Fix(T) = Fix(Q1) NFix(Qy),
and therefore

Qi(X") = X", Qa(X") = X" —mmmmmmmmmmee- (4.8)
Hence X" is a common fixed point of Q; and Q.

To prove uniqueness, suppose that z" is another common
fixed point of Q; and Q,$. Then

T@)=Q Q@) =7

Suppose that X* # z*. Then

de(x", ") > 0 for every t > 0. Applying (4.1) with x = x"
and y = z"$ gives

T+ F(d(TX",TZ")) < F(di(X", 27)).

Since TX"=x"and Tz" = 7",
T+ F(di(X", 27)) < F(d(X", 27)),
which is impossible because 1 > 0.
Therefore,
X'=z"
Hence T has a unique fixed point, and this point is also the
unique common fixed point of Q; and Q..

Corollary 4.2. [Quantum Search Stability]

Under the assumptions of Theorem 4.1, let

Xn+1 = Q2(Q1(Xn)), N =0,1,2,....... (4.9)
Then the iterative quantum-search process converges to
the unique common fixed point $x*{*}$ satisfying

Q1(x) = Qa(X) = X"
Hence, the proposed fuzzy metric framework provides a
sufficient mathematical condition for the convergence of the
generalized quantum-search state transformation under
abstract fuzzy uncertainty. The limiting state is independent

of the initial state whenever the hypotheses of Theorem 4.1
hold.

5. APPLICATION AND
QUANTUM SEARCH

INTERPRETATION IN

The numerical example presented in Section 5 illustrates the
proposed generalized quantum search operator framework on
the abstract computational state space

X = [0, 1].

The Numerical convergence of the search-refinement
iteration is presented in table 1.

The two successive transformations are defined by
Q1(x) =0.5x + 0.3 and
Q2(x) = 0.6x + 0.24.

Consequently, the search-refinement

transformation is
T(x) = Q2(Q1(x)) = 0.3x + 0.42.

The fixed point of the composite transformation is obtained

from
X" =T(x") = 0.3x" + 0.42, which gives X" = 0.6.

composite

Moreover, Q1(0.6) =0.6 and Q_2(0.6) = 0.6.

Table 1. Numerical convergence of the search-refinement

iteration.
n Xn Xn- X" M(Xn, X)
0 0.200000 0.400000 0.670320
1 0.480000 0.120000 0.886920
2 0.564000 0.036000 0.964641
3 0.589200 0.010800 0.989258
4 0.596760 0.003240 0.996765
5 0.599028 0.000972 0.999029
6 0.599708 0.000292 0.999708
7 0.599913 0.000087 0.999913
8 0.599974 0.000026 0.999974
9 0.599992 0.000008 0.999992
10 0.599998 0.000002 0.999998

Hence,

Qi(X) = Q2(x) =x"=0.6,
showing that x" = 0.6 is a common fixed point of the two
transformations, consistent with the fixed-point framework
established in Section 4. The Numerical convergences of the
search-refinement iteration are given in Table 1.

The corresponding search-refinement iteration is
Xn+1= Q2(Q1(Xn)),
or, equivalently, Xn+1 = 0.3, + 0.42.

Starting from the initial state xo = 0.2, the first few iterates
are x1 = 0.48, xo = 0.564, x; = 0.5892, and the sequence
continues toward x” = 0.6. This numerical convergence
shown in Figure 1 agrees with the fixed-point result
established in Section 4 and the numerical analysis presented
in Section 5.
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Convergence of x, toward the fixed point x* = 0.6
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Figure 1. Convergence of the computational state xnx_n
toward the fixed point x*= 0.6 .

Within the proposed framework, Q1 represents the first stage
of the abstract search transformation, while Q2 represents the
subsequent refinement or stabilization transformation. Their
composition

T=Q0Q
therefore represents one complete search-refinement cycle.

Repeated application of this composite transformation
produces the sequence

Xn+1 = T(Xn),
which converges to the common fixed-point x™=0.6 for the
numerical example considered here.

The fuzzy metric used in Section 5 provides a measure of the
similarity between two computational states. In particular,
with M(x, y, t) = etPY the convergence xn, — X

Implies M(xn, X", t) —1.

Thus, the fuzzy similarity between the iterated computational
state and the limiting state approaches its maximum value as
the iteration proceeds as depicted in Figure 2. It is important
to emphasize that the state space X = [0, 1] used in this
example is an abstract computational state space.

Fuzzy similarity during convergence
1.00 frmmmmmmmmm === =
—— M(x,,x")

0.05 === Maximum similarity = 1

0.90 A

0.85 A

Fuzzy similarity M{x,, x*)

0 2 4 6 8 10
Iteration n

Figure 2. Fuzzy similarity M(x,, x*) during the search-

refinement iteration.

In particular, the transformations Q. and Q, are abstract
mappings representing successive search and refinement
stages the same is shown in Figure 2.

Therefore, the numerical example demonstrates how the
common fixed-point framework can be used to describe
convergence and stability of an abstract quantum-search-
inspired iterative process. The common fixed point

X =0.6
represents the stable computational state reached through
repeated application of the composite transformation

T=Q0Q

6. CONCLUSION AND FUTURE SCOPE

In this paper, a common fixed-point framework for
generalized quantum search operators has been developed in
complete  fuzzy metric  spaces. Two  successive
transformations, Qi and Q. were considered, and their
composition

T=Q0Q

was used to represent one complete search-refinement
step. A Wardowski-type F-contractive condition was
imposed on the composite transformation, and a common
fixed-point result was established under the stated
completeness, continuity, and fixed-point assumptions.

The proposed framework provides a mathematical
description of convergence and stability for an abstract
guantum-search-inspired iterative process. The numerical
example in Section 5, based on the computational state space
X = [0, 1], demonstrates the iterative behavior of the
transformations

Q1(x) =0.5x + 0.3 and Q2(x) = 0.6x + 0.24.

Their composite transformation is

T(x) =0.3x + 0.42,
which has the common fixed-point X" = 0.6. The numerical
iterations confirm convergence toward this stable
computational state, while the fuzzy metric formulation
describes the corresponding increase in similarity to the
limiting state.

The application discussed in Section 6 interprets Q; and Q2
as abstract successive search and refinement transformations.
The proposed formulation should be viewed as a
mathematical framework rather than as a physical
implementation of a specific quantum search algorithm. Its
main purpose is to connect fixed-point theory, fuzzy
convergence, and an abstract search-refinement process
within a unified mathematical setting.

6.1 Future Scope

Several directions can be considered for future research. The
present framework may be extended to more general fuzzy
metric structures, alternative contractive conditions, and
multi-stage search-refinement processes involving more than
two transformations. Further work may also investigate
applications to specific quantum-inspired optimization,
ranking, and search models by defining appropriate
computational state spaces and operators. Another possible
direction is to study computational implementations of the
proposed fixed-point framework and compare the theoretical
convergence behavior with numerical simulations for larger
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state spaces. Extensions to other generalized metric spaces
and hybrid fixed-point models may also provide additional
mathematical and computational applications.
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